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SSB - RR No. 23 E. BirmeléAbstra
t: Studying the topology of so-
alled real networks, that is networksobtained from so
iologi
al or biologi
al data for instan
e, has be
ome a major �eldof interest in the last de
ade. One way to deal with it is to 
onsider that networksare built from small fun
tional units 
alled motifs, whi
h 
an be found by lookingfor small subgraphs whose numbers of o

urren
es in the whole network of interestare surprisingly high. In this paper, we propose to de�ne motifs through a lo
aloverrepresentation in the network and develop a statisti
 whi
h allows us to dete
tthem limiting the number of false positives and without time-
onsuming simulations.We apply it to the Yeast gene intera
tion data and show that the known biologi
allyrelevant motifs are found again and that our method gives some more informationthan the existing ones.1 Introdu
tionRe
ent work indi
ates that biologi
al networks show re
urrent small patterns,
alled network motifs [17℄. They 
an be thought of as small units of givenfun
tion from whi
h the networks are built. For instan
e, Alon [2℄ des
ribes theregulation role in trans
riptional networks of a pattern of 3 verti
es 
alled thefeed-forward loop.In order to rea
h a better understanding of the stru
ture of biologi
al net-works, it is then quite natural to ask whi
h are the small patterns that areover-represented in those networks. Many attempts were made to answer thatquestion. Some of them [17℄ simulate the distribution of the number of o
-
uren
es of a subgraph using a huge number of random networks with the samedegree distribution as the observed one, but they seem not to be tra
table formotifs on more than four verti
es. Others [12, 20℄ rely on the 
al
ulation of aZ-s
ore. Nevertheless, the distribution of the number of o

urren
es of smallsubgraphs is more heavy-tailed than a gaussian distribution and therefore thosemethods may lead to false positives.To avoid simulations, one has to de�ne a probabilisti
 model of random graphgeneration and to 
ompute the p-value of the observed number of subgraphs inthat model.That approa
h leads to a �rst step whi
h is the 
hoi
e of a random modelto des
ribe biologi
al networks and whi
h is simple enough to deal with 
ombi-natori
s on it. The simplest random graph model is the Erd®s-Rényi model [9℄,that is a graph on a �xed number of verti
es whose edges are sampled as inde-pendent identi
al Bernoulli variables.Nevertheless, su
h random graphs do not show the heterogeneity of biologi
alnetworks. Many more realisti
 models were therefore developped [3, 4, 18℄ andin parti
ular, mixture models were studied in [7,14℄. The main advantage fromthe latter is to give rise to heterogeneous graphs but whi
h still depend onindependant Bernoulli trials.Pi
ard et al. [19℄ propose to take a mixture model as the null model. As they
an't 
ompute the law of the number of o

urren
es of small subgraphs underthat model, they propose to �t the best possible Polya-Aeppli distribution to the1



SSB - RR No. 23 E. Birmelésubgraph distribution and to take the p-value of that approximate distribution.As pointed out in [17℄, another issue is that a small graph 
an appear as over-represented be
ause it 
ontains an over-represented subgraph, whi
h is in fa
tthe biologi
al relevant stru
ture. Moreover, Dobrin et al. [8℄ show that the motifsin the yeast trans
riptional regulatory network aggregate. For both reasons, wewill 
onsider a new de�nition of a motif: given a small graph m and a �xedo

uren
e in the network of one of its subgraphs m
′, we will look for an over-representation of the number of o

uren
es of m extending the given o

uren
eof m

′. In other words, a motif will be de�ned by a lo
al over-representationrather than by a global one.We propose to ta
kle the problem of the 
omputation of the p-value by
onsidering a model with independant edges, ea
h one appearing with a given
onne
tivity probability. Moreover, to avoid a bias due to the use of an ap-proximate distribution, we will look for an upper bound of the real p-value.That 
onservative approa
h in motif dete
tion indu
es a better limitation of thenumber of false positives.To do so, we will use 
on
entration inequalities. This term is used to 
har-a
terize inequalities whi
h bound the probability of a random variable to be faraway from its expe
tation. The most widely known is Cheby
hev's inequalitywhi
h states that, for every random variable X and positive real t,
P(|X − EX | > t) ≤

var(X)

t2Nevertheless, an abundant literature exists to show that under some 
ondi-tions, the bound of P(X −EX > t) de
reases in fa
t exponentially with respe
tto t. The term 
on
entration inequalities expresses that X is heavily 
on
en-trated around its mean value. Surveys and re
ent work on su
h inequalities 
anbe found for instan
e in [6, 13, 16℄. We will use su
h an inequality to show thatthe number of motifs aggregating on a given submotif is highly 
on
entrated.In the following, we will 
onsider dire
ted networks. A network is then agraph G = (V, ~E) of vertex set V and edge set ~E. We suppose that there areno multiple edges in the same dire
tion but opposite edges between two verti
esand self-loops are allowed.For any vertex set U ⊂ V , we denote by G[U ] the indu
ed subgraph of G onthe set U , that is the graph of vertex set U where ea
h edge is present if andonly if it is present in G. If U is an ordered set, the verti
es of G[U ] are orderedin the same way.The paper is organized as follows: Se
tions 2 and 3 respe
tively detail thede�nition of a motif and the random graph model whi
h will be used throughoutthe paper. The main result is given and proved in se
tion 4. Finally, in Se
tion 5,we apply our method to the Yeast gene intera
tion network. We show that theknown over-represented motifs of size 3 and 4 of that network are found again2



SSB - RR No. 23 E. Birmeléand that the knowledge of the submotifs with respe
t to whi
h they are over-represented allows to sort non-relevant motifs and to distinguish the role of theverti
es in the relevant ones. Moreover, our method doesn't need any simulationand is therefore signi�
antly faster than the existing ones.2 Network motifs and submotifsA network motif m of size k is a dire
ted graph on k verti
es, with possibleloops and opposite edges, that is that the two edges −→uv and −→vu between twoverti
es u and v may o

ur simultaneously.An ordered motif is a network motif whose verti
es are ordered. Let m0 and
m1 be two ordered motifs of size k and let (u1, . . . , uk) and (v1, . . . , vk) be theirrespe
tive ordered vertex sets. We will say that m0 and m1 are isomorphi
 asordered motifs and we will note m1 ∼o m2 if, for every pair of integers (i, j),
−−→uiuj is an edge of m0 if and only if −−→vivj is an edge of m1.Figure 1 shows two ordered motifs that are not isomorphi
 as ordered motifs,despite of the isomorphism of the underlying non-ordered motifs.
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2 23 3
m0 m1Figure 1: Isomorphi
 motifs that are not isomorphi
 as ordered motifs. Thenumbers represent here the orders of the verti
es.The ordering of the motifs and the notion of ordered isomorphism are in-trodu
ed for 
onvenien
e in the latter formulas, but they do not in�uen
e theover-representation of a motif as we shall see below.Indeed, let m be a motif on k verti
es and denote by N(m) the numberof distin
t o

uren
es of the motif in G. Let aut(m) be the number of auto-morphisms of m. Taking one ordering of the motif, aut(m) 
an be seen as thenumber of orderings of the verti
es whi
h give rise to ordered motifs isomor-phi
 to the �rst one. For example, if m is the motif on three verti
es with twoedges starting from the same vertex, the ordered motif m0 in Figure 1 givesan ordering of the motif m. The only other isomorphi
 ordering is obtained byex
hanging the labels 1 and 3, so aut(m) = 2.Let us order the verti
es of m to obtain an ordered motif mo. Then, des
rib-ing all the ordered sets of k verti
es in G and looking for an ordered isomorphismwith mo, ea
h o

uren
e of m is 
ounted aut(m) times and �nally3
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aut(m)N(m) =

∑

(i1,...,ik)

IG[(i1,...,ik)]∼omo
(1)for any 
hoi
e of an ordered version m0 of m.Let m be a motif on k verti
es. A submotif of m is then a subgraph of

m. In this arti
le, we only 
onsider the submotifs obtained by suppressing onevertex in m. That approa
h gives raise to a partition of the verti
es of m intodeletion 
lasses, two verti
es r and s of m being in the same deletion 
lass ifand only if they play the same topologi
al role in m. In other words, r and sare in the same 
lass if, given an ordering m0 of m, the ordered motif obtainedby interverting the labels of r and s is isomorphi
 to m0.If two verti
es are in the same deletion 
lass, the submotifs obtained bydeleting r and s are isomorphi
. Nevertheless, the opposite may not be true.Indeed, 
onsider the feed-forward loop motif shown in Table 1. Deleting anyof the three verti
es leads to a single edge but all the verti
es are in di�erentdeletion 
lasses as they are not topologi
ally equivalent (they have for instan
edi�erent outdegrees).3 The random graph modelCon
entration inequalities are powerful tools but mostly apply on fun
tions ofindependent random variables. Moreover, they make use of the expe
tation ofthe fun
tion of interest. Therefore, we have to 
onsider random graph modelssatisfying the following 
onditions, whi
h will also turn to be su�
ient for ourpurpose:(i) All the edges are drawn independently.(ii) The expe
tation of any motif 
ount is tra
table.Let us 
onsider the random graph model on n verti
es de�ned by a 
onne
-tivity matrix C = (cij)1≤i,j≤n and su
h that all the edges are sampled indepen-dently under Bernoulli laws:
Xij = I−→

ij∈ ~E
∼ B(cij).It is straightforward under that model to derive an expression for the meannumber of o

uren
es of a given ordered motif m0 of size k.Indeed, let 1, . . . , k be the verti
es of m0 and denote by ers the indi
atorfun
tion for the edge from vertex r to vertex s in m. Let (i1, . . . , ik) be anyordered list of k distin
t verti
es of G. Then

P(G[(i1, . . . , ik)] ∼o m0) =
∏

1≤r,s≤k

cers

iris
(1 − ciris

)1−ersTherefore, by Equation (1), one has4



SSB - RR No. 23 E. Birmelé
E(N(m)) =

1

aut(m)

∑

(i1,...,ik)

∏

1≤r,s≤k

cers

iris
(1 − ciris

)1−ers ,That model has no pra
ti
al interest as it has as many parameters as possibleedges but it is a very general framework in whi
h our theory holds. In pra
ti
e,we will be able to apply our 
on
entration results on all spe
ial 
ases of thatmodel, whi
h in
lude the Erd®s-Rényi model [9℄ and the Expe
ted Degree Modelof Matias et al. [15℄. The general model introdu
ed by Bollobás et al. [5℄ 
analso be used when restri
ted to the 
ase of a �xed sequen
e of verti
es. Thelast interesting family of models whi
h �ts in that frame is the one of MixtureModels [1, 7, 10℄ where the 
lasses of the verti
es are �xed.4 Con
entration of Network MotifsLet m be an ordered motif on k verti
es and m
′ the sub-motif of m on k − 1verti
es obtained by deleting a vertex s from a given deletion 
lass of m. Let

m
′
0 be an ordering of m

′ and denote by (r1, . . . , rk−1) the ordered verti
es of
m

′
0. m0 then denotes the ordering (r1, . . . , rk−1, s) of m.Consider any ordered set U = (u1, . . . , uk−1) of k − 1 verti
es in V (G) andde�ne the random variable NU (m) as the number of 
opies of m in G whoserestri
tion on U is isomorphi
 to m

′
0 as an ordered motif (see Figure 2 for anexample). Our aim is to bound the tail of the distribution of NU (m).Let us denote by YU (m′

0) the indi
ator of an o

uren
e of m
′
0 on U as anordered motif, that is

YU (m′
0) = IG[U ]∼om

′

0
.For ea
h vertex v /∈ U , let extvU (m′

0,m0) be the indi
ator of the fa
t that theextension from G[U ] to G[U ∪ {v}] is isomorphi
 to the extension of m
′
0 to m0with respe
t to the order of the verti
es. Denoting by eab the indi
ator fun
tionfor the edge from vertex a to vertex b in m0,

extvU (m′
0,m0) = 1 ⇔ Xvv = ess and ∀i, Xuiv = eris and Xvui

= esriNote that extvU (m′
0,m0) only depends on the edges between v and U andis therefore independant of YU (m′

0). Moreover, if G[U ] 
orresponds to an o
-
uren
e of m
′
0 and that extvU (m′

0,m0) = 1, G[U ∪ {v}] 
orresponds to an o
-
urren
e of m0. In that 
ase we say that the o

uren
e of m0 on U ∪ {v} is avalid extension of the o

uren
e of m
′
0 on U .Moreover, as NU (m) is null when there is no o

uren
e of m

′
0 on U and as,if m

′
0 o

urs on U , NU (m) 
ounts the number of its valid extensions, we have

NU (m) = YU (m′
0)

∑

v/∈U

extvU (m′
0,m0) (2)5
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Figure 2: For U = (b, c, d), YU (m′
0) = 1 and NU (m) = 3. Indeed, one obtainsvalid extensions of m

′
0 to m0 by adding to U the verti
es g, h or i. Adding thevertex f does not give rise to a valid extension be
ause of the presen
e of anedge from c to f .Bounding the tail of the distribution of NU (m) 
an be done by using thefa
t that either YU (m′
0) = 0 and NU (m) is null or YU (m′

0) = 1 and NU (m)is a sum on independant Bernouilli trials. In the latter 
ase, 
hanging one ofthe Bernoulli trials a�e
ts NU (m) by at most 1. Numerous results show thatrandom variables showing su
h 
hara
teristi
s are highly 
on
entrated aroundtheir mean value. One of them is the following theorem [16℄:Theorem 1. Let the random variables X1, . . . , Xn be independent, with 0 ≤
Xk ≤ 1 for ea
h k, and let Sn =

∑

Xk. Then, for every t > 0,
P
(Sn − ESn

ESn
> t

)

≤ e−((1+t) ln(1+t)−t)ESnWe will use this theorem to bound the p-value of seeing, at any position U ,an o

urren
e of m
′
0 having a number of valid extensions to m0 whi
h is largewith respe
t to the expe
ted number of valid extensions.In that purpose, let us denote by ExtU (m′

0,m0) the mean number of validextensions of a putative o

urren
e of m
′
0 on U , that is

ExtU (m′
0,m0) = E

∑

v/∈U

extvU (m′
0,m0)For the following, in order to simplify the notations, we will write ExtUinstead of ExtU (m′

0,m0) when there is no ambiguity.6



SSB - RR No. 23 E. BirmeléThe main result of the paper is now the following theorem, whi
h shows thatthe probability of �nding a position U su
h that NU (m) is mu
h larger than
ExtU de
reases exponentially:Theorem 2. Let h be the fun
tion de�ned on [0, +∞[×]0, +∞[ by

h(X, Y ) =

{

0 if X ≤ Y
X ln( X

eY ) + Y otherwiseThen, for every t > 0,
P
(

max
U

(h(NU (m), ExtU )) > t
)

≤ aut(m′)EN(m′)e−t

0 5 10 15 20 25 30

0
10

20
30

40

X

h(
X

,Y
)

Y=1
Y=5
Y=10

Figure 3: Curves of the fun
tion h for �xed values of YNote that for a �xed value of Y , hY : X → h(X, Y ) is an in
reasing fun
tion,growing asymptoti
ally as X ln(X), as illustrated in Figure 3.Therefore, the inequality of Theorem 2 bounds the probability of seeing anylarge NU (m), as
max

U
(h(NU (m), ExtU )) > t ⇔ ∃U/ h(NU (m), ExtU ) > tTo illustrate this, 
onsider the parti
ular 
ase where the probabilisti
 event
onsidered is {∃U/NU (m) ≥ e2ExtU + t}, for some positive t. It is straightfor-ward to see that

NU (m) ≥ e2ExtU + t ⇒ ln(
NU (m)

eExtu
) > 1

⇒ h(NU (m), ExtU ) > NU (m)

⇒ h(NU (m), ExtU ) > t.7



SSB - RR No. 23 E. BirmeléThe following 
orollary of Theorem 2 follows:Corollary 1. For every t > 0,
P
(

∃U/NU (m) ≥ e2ExtU + t
)

≤ aut(m′)EN(m′)e−tProof of Theorem 2:Let us �rst introdu
e a new fun
tion g and a te
hni
al result whi
h will beuseful later on:Lemma 1. Let g be the fun
tion de�ned by
g :

[0, +∞[ → [0, +∞[
y → (1 + y) ln(1 + y) − yi) g is in
reasingii) g is one-to-oneiii) For every X ≥ 0, Y > 0,

g
(

max
(X − Y

Y
, 0

)

)

Y = h(X, Y )Proof: i) and ii) are straightforward. To prove iii), let us 
onsider X ≥ 0and Y > 0. Suppose that X ≤ Y . Then
g
(

max(
X − Y

Y
, 0)

)

Y = g(0)Y = 0 = h(X, Y ).On the other hand, if X > Y ,
g
(

max(
X − Y

Y
, 0)

)

Y = g(
X − Y

Y
)Y

=
(

(1 +
X − Y

Y
) ln(1 +

X − Y

Y
) −

X − Y

Y

)

.Y

= X ln(
X

Y
) − X + Y

= h(X, Y ).To prove Theorem 2, whi
h is a result giving an ex
eptionality measure onthe whole graph, we start by showing a lo
al ex
eptionality result. To do so, we�x a position U and show the following result:Lemma 2. For every t > 0,
P
(

h(NU (m), ExtU ) > t
)

≤ P(YU (m′
0) = 1)e−t.8



SSB - RR No. 23 E. BirmeléProof:Let us �rst de
ompose the event of interest by looking for an o

uren
e of
m

′ on U :
P
(

h(NU (m), ExtU ) > t
)

= P
(

h(NU (m), ExtU ) > t|YU (m′
0) = 1

)

P(YU (m′
0) = 1)

+P
(

h(NU (m), ExtU ) > t|YU (m′
0) = 0

)

P(YU (m′
0) = 0)If YU (m′

0) = 0, then NU (m) = 0 and thus h(NU (m), ExtU ) = 0. Therefore,
P
(

h(NU (m), ExtU ) > t
)

= P
(

h(NU (m), ExtU ) > t|YU (m′
0) = 1

)

P(YU (m′
0) = 1).(3)De�ning y = g−1

(

t
ExtU

), we have:
P
(

h(NU (m), ExtU ) > t |YU (m′
0) = 1

)

= P
(

g(max(
NU (m) − ExtU

ExtU
, 0))ExtU > t |YU (m′

0) = 1
) by Lemma 1 iii)

= P
(

g(max(
NU (m) − ExtU

ExtU
, 0)) > g(y) |YU (m′

0) = 1
)

= P
(

max(
NU (m) − ExtU

ExtU
, 0) > y |YU (m′

0) = 1
) by Lemma 1 i)

= P
(NU (m) − ExtU

ExtU
> y |YU (m′

0) = 1
) as y > 0

= P
(

∑

v/∈U extvU (m′
0,m0) − ExtU

ExtU
> y |YU (m′

0) = 1
) by using (2)

= P
(

∑

v/∈U extvU (m′
0,m0) − ExtU

ExtU
> y) (4)where the last equation is due to the fa
t that ea
h extvU (m′

0,m0) is inde-pendant from YU (m′
0).Theorem 1 
an be now applied to the random variables (

extvU (m′
0,m0)

)

v/∈Uand therefore implies that
P(

∑

v/∈U extvU (m′
0,m0) − ExtU

ExtU
> y) ≤ e−g(y)ExtUthat is, as g(y)ExtU = t,

P
(

h(NU (m), ExtU ) > t|YU (m′
0) = 1

)

≤ e−t (5)Using Inequality (5) in Equation (3) yields Lemma 2.9



SSB - RR No. 23 E. BirmeléTo prove the main theorem, one has to note that
{max

U
(h(NU (m), ExtU ) > t)} =

⋃

U

{h(NU (m), ExtU ) > t}Therefore,
P
(

max
U

(h(NU (m), ExtU )) > t
)

≤
∑

U

P(h(NU (m), ExtU ) > t)

≤
∑

U

P(YU (m′
0) = 1)e−t

≤ aut(m′)EN(m′)e−t by using (1)
5 Appli
ation to the gene regulation network ofYeastThe results of Se
tion 4 allow us to de
ide if a motif m is 
onsidered as beingover-represented in a real graph with respe
t to at least one of its submotifs. Todo so, we use the following steps:

• Choose a random graph model and estimate its parameters on the realgraph.
• Choose a deletion 
lass in m and 
onsider the obtained submotif m

′.
• List all the o

urren
es of m and thus all the o

uren
es of m

′ having atleast one valid extension. Then, for every o

uren
e m
′
0 in that list, 
ountthe number of its valid extensions NU (m) and 
ompute the mean value

E(NU (m)), where U is the vertex set of m
′
0.

• Compute the bound of the p-value using Theorem 2. Having listed allpositions U of interest and the asso
iated values of NU (m) allows the userto have a

ess to the positions where the lo
al 
on
entration takes pla
e.The �rst step needs to be done only on
e when dealing with a whole list ofmotifs whereas the three last ones have to be done for every deletion 
lass ofevery motif of interest.This method is applied to the gene regulation network of Yeast, availableat Uri Alon's Lab website [11℄. That network has 688 verti
es and 1078 edgesand a dire
ted edge between genes g1 and g2 denotes a regulation from gene g1on the expression of gene g2. We don't take the type of regulation into a

ounthere, that is if it is an a
tivation or an inhibition.10



SSB - RR No. 23 E. BirmeléThe random graph model we 
onsider is the Mixture Model with �xed
lasses. In that model, the n verti
es are spread into Q 
lasses.We 
onsider a matrix Π = (πqr)1≤q,r≤Q whi
h gives the 
onne
tion proba-bilities between 
lasses and for ea
h pair (i, j) of verti
es, we de�ne cij = πqr , qand r being the respe
tive 
lasses of i and j. In other words, the 
onne
tivityprobability between two verti
es only depends on their mutual 
lasses.To estimate the partition of the graph and the 
orresponding matrix Π, weuse the algorithm developped by Latou
he and al. [14℄, and assign ea
h vertexto its most probable 
lass.Table 1 shows the unique motif of size three dete
ted. The 
olumn p-valuebound 
ontains the upper bound of the real p-value given by Theorem 2 for t =
maxU (h(NU (m), ExtU )), whereas the Agglomeration 
oe�
ient is the maximalobserved value of NU (m).That motif, 
alled the feed-forward loop, is known [2℄ to play a role inregulation pro
esses by indu
ing a delay in the regulation of Z by X : X has�rst to a
tivate Y and then X and Y together regulate Z. Note that X , Y and
Z are not in the same deletion 
lass, as mentioned in Se
tion 2, and there aretherefore three di�erent submotifs to take into a

ount, even if ea
h of them isa single edge.Our analysis �nds the feed-forward loop to be over-represented and showsthat there are genes X using the same gene Y to regulate a high number ofgenes Z (up to 15). On the 
ontrary, there is no gene X using a high numberof intermediates Y to regulate a given gene Z.Motif Deletion 
lass p-value bound Agglomeration
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X 5.15e− 3 3
Y 3.33 2
Z 1.12e − 11 15Table 1: p-values for the three possible sub-motifs of the feed-forward loopTable 2 shows all the motifs of size four whi
h are found to be over-representedwith respe
t to at least one of their submotifs.The motif of size four with the lowest p-value is the bi-fan, that is the �rstmotif shown in table 2. That motif 
onsists in two regulators having an impa
ton two 
ommon genes. It was �rst shown to be over-represented in that networkby Milo and al [17℄ and appears �rst in all motif dete
tion algorithms.Nevertheless, our approa
h gives a supplementary information, that is that itis highly over-represented with respe
t to the sub-motif obtained by suppressingone of the regulated genes. In other words, there exist in Yeast 
o-regulatorswhi
h 
o-regulate a high number of genes simultaneously. The agglomeration
oe�
ient shows that they may a
t on up to 37 
ommon genes. On the otherhand, the bi-fan is not over-represented with respe
t to the sub-motif obtainedby suppressing one of the regulators, that is there exist no 
ouple of genes thatare in�uen
ed by a high number of 
ommon regulators. In fa
t, running the11



SSB - RR No. 23 E. Birmeléalgorithm in that 
ase leads to a p-value of .18 and an agglomeration 
oe�
ientof 4. That assymetry between 
ouples of regulators and 
ouples of regulatedgenes is well known by biologists but is found again here only by statisti
almeans.Note also that among the six dete
ted motifs, the third and the two lastones are in fa
t by-produ
ts of the over-representation of the feed-forward loop:they are not overrepresented with respe
t to their feed-forward loop submotif,that is the one obtained by deleting T .From a 
omputational point of view, we obtain a signi�
ative improvementin terms of running time. Indeed, available methods are of two kinds: eitherthey use a reasonable number of simulations and use a Z-s
ore and are quiterapid but may lead to false positives, or they make use of a huge number of sim-ulated graphs to obtain an empiri
al p-value but are very time-
onsuming. Thepart of our method whi
h takes the most time is in fa
t the prepro
essing bythe algorithm of Latou
he et al. [14℄ to estimate the parameters of the mixturemodel. The 
on
entration part is very rapid as it only needs to 
ompute expe
-tations, whi
h are easy to 
al
ulate in mixture models. Running our algorithmand the empiri
al p-value option of the MFinder tool [17℄ for the graphs of sizefour in the Yeast network divides the running time by a fa
tor 100 (less than
10 minutes 
ompared to more than 15 hours on a dual 
ore).6 Con
lusionWe develop a new method to dete
t network motifs by looking for lo
al over-representations. To do so, we show that, given an o

uren
e of a submotif, thenumber of motifs extending it is highly 
on
entrated around its mean value.That approa
h allows to 
onsider the over-representation with respe
t to a sub-motif and to avoid time-
onsuming simulations.A
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Motif Deletion 
lass p-value bound Agglomeration
�
�
�
�

��

����

PSfrag repla
ements
X1

Y1

X2

Y2

{Y1, Y2} 1.60e − 25 37

��
�
�
�
�

�
�
�
�

�
�
�
�

PSfrag repla
ements
X Y

Z T

Z 3.33e − 16 15

��
��
��
��

������

�
�
�
�

PSfrag repla
ements
X

Y

Z

T

Z 2.22e − 13 15

�
�
�
�

��
��
��
��

������

PSfrag repla
ements
X Y

Z1 Z2

{Z1, Z2} 4.77e − 12 14
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Z 8.35e − 12 15
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T

Z 2.12e − 10 15Table 2: Over-represented motifs of size four
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