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Abstract: Studying the topology of so-called real networks, that is networks
obtained from sociological or biological data for instance, has become a major field
of interest in the last decade. One way to deal with it is to consider that networks
are built from small functional units called motifs, which can be found by looking
for small subgraphs whose numbers of occurrences in the whole network of interest
are surprisingly high. In this paper, we propose to define motifs through a local
overrepresentation in the network and develop a statistic which allows us to detect
them limiting the number of false positives and without time-consuming simulations.
We apply it to the Yeast gene interaction data and show that the known biologically
relevant motifs are found again and that our method gives some more information
than the existing ones.

1 Introduction

Recent work indicates that biological networks show recurrent small patterns,
called network motifs [17]. They can be thought of as small units of given
function from which the networks are built. For instance, Alon [2] describes the
regulation role in transcriptional networks of a pattern of 3 vertices called the
feed-forward loop.

In order to reach a better understanding of the structure of biological net-
works, it is then quite natural to ask which are the small patterns that are
over-represented in those networks. Many attempts were made to answer that
question. Some of them [17] simulate the distribution of the number of oc-
curences of a subgraph using a huge number of random networks with the same
degree distribution as the observed one, but they seem not to be tractable for
motifs on more than four vertices. Others [12,20] rely on the calculation of a
Z-score. Nevertheless, the distribution of the number of occurrences of small
subgraphs is more heavy-tailed than a gaussian distribution and therefore those
methods may lead to false positives.

To avoid simulations, one has to define a probabilistic model of random graph
generation and to compute the p-value of the observed number of subgraphs in
that model.

That approach leads to a first step which is the choice of a random model
to describe biological networks and which is simple enough to deal with combi-
natorics on it. The simplest random graph model is the Erdds-Rényi model [9],
that is a graph on a fixed number of vertices whose edges are sampled as inde-
pendent identical Bernoulli variables.

Nevertheless, such random graphs do not show the heterogeneity of biological
networks. Many more realistic models were therefore developped [3,4, 18] and
in particular, mixture models were studied in [7,14]. The main advantage from
the latter is to give rise to heterogeneous graphs but which still depend on
independant Bernoulli trials.

Picard et al. [19] propose to take a mixture model as the null model. As they
can’t compute the law of the number of occurrences of small subgraphs under
that model, they propose to fit the best possible Polya-Aeppli distribution to the
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subgraph distribution and to take the p-value of that approximate distribution.

As pointed out in [17], another issue is that a small graph can appear as over-
represented because it contains an over-represented subgraph, which is in fact
the biological relevant structure. Moreover, Dobrin et al. [8] show that the motifs
in the yeast transcriptional regulatory network aggregate. For both reasons, we
will consider a new definition of a motif: given a small graph m and a fixed
occurence in the network of one of its subgraphs m’, we will look for an over-
representation of the number of occurences of m extending the given occurence
of m’. In other words, a motif will be defined by a local over-representation
rather than by a global one.

We propose to tackle the problem of the computation of the p-value by
considering a model with independant edges, each one appearing with a given
connectivity probability. Moreover, to avoid a bias due to the use of an ap-
proximate distribution, we will look for an upper bound of the real p-value.
That conservative approach in motif detection induces a better limitation of the
number of false positives.

To do so, we will use concentration inequalities. This term is used to char-
acterize inequalities which bound the probability of a random variable to be far
away from its expectation. The most widely known is Chebychev’s inequality
which states that, for every random variable X and positive real ¢,

var(X)

t2

Nevertheless, an abundant literature exists to show that under some condi-
tions, the bound of P(X —EX > t) decreases in fact exponentially with respect
to t. The term concentration inequalities expresses that X is heavily concen-
trated around its mean value. Surveys and recent work on such inequalities can
be found for instance in [6,13,16]. We will use such an inequality to show that
the number of motifs aggregating on a given submotif is highly concentrated.

P(X —EX|>t) <

In the following, we will consider directed networks. A network is then a
graph G = (V, E) of vertex set V' and edge set E. We suppose that there are
no multiple edges in the same direction but opposite edges between two vertices
and self-loops are allowed.

For any vertex set U C V, we denote by G[U] the induced subgraph of G on
the set U, that is the graph of vertex set U where each edge is present if and
only if it is present in G. If U is an ordered set, the vertices of G[U] are ordered
in the same way.

The paper is organized as follows: Sections 2 and 3 respectively detail the
definition of a motif and the random graph model which will be used throughout
the paper. The main result is given and proved in section 4. Finally, in Section 5,
we apply our method to the Yeast gene interaction network. We show that the
known over-represented motifs of size 3 and 4 of that network are found again
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and that the knowledge of the submotifs with respect to which they are over-
represented allows to sort non-relevant motifs and to distinguish the role of the
vertices in the relevant ones. Moreover, our method doesn’t need any simulation
and is therefore significantly faster than the existing ones.

2 Network motifs and submotifs

A network motif m of size k is a directed graph on k vertices, with possible
loops and opposite edges, that is that the two edges w0 and vu between two
vertices u and v may occur simultaneously.

An ordered motif is a network motif whose vertices are ordered. Let mg and
m; be two ordered motifs of size k and let (uq,...,ux) and (v1,...,v) be their
respective ordered vertex sets. We will say that my and m; are isomorphic as
ordered motifs and we will note m; ~, my if, for every pair of integers (4, 7),
u;uj is an edge of my if and only if v;v; is an edge of m;.

Figure 1 shows two ordered motifs that are not isomorphic as ordered motifs,
despite of the isomorphism of the underlying non-ordered motifs.

1 1
[ ]
2 e 3 2 3
my m;

Figure 1: Isomorphic motifs that are not isomorphic as ordered motifs. The
numbers represent here the orders of the vertices.

The ordering of the motifs and the notion of ordered isomorphism are in-
troduced for convenience in the latter formulas, but they do not influence the
over-representation of a motif as we shall see below.

Indeed, let m be a motif on & vertices and denote by N(m) the number
of distinct occurences of the motif in G. Let aut(m) be the number of auto-
morphisms of m. Taking one ordering of the motif, aut(m) can be seen as the
number of orderings of the vertices which give rise to ordered motifs isomor-
phic to the first one. For example, if m is the motif on three vertices with two
edges starting from the same vertex, the ordered motif mg in Figure 1 gives
an ordering of the motif m. The only other isomorphic ordering is obtained by
exchanging the labels 1 and 3, so aut(m) = 2.

Let us order the vertices of m to obtain an ordered motif m,. Then, describ-
ing all the ordered sets of k vertices in G and looking for an ordered isomorphism
with m,, each occurence of m is counted aut(m) times and finally
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aut(m)N(m) = Z I((ir,....in))~om, (1)

(i1,--sik)
for any choice of an ordered version m, of m.

Let m be a motif on k vertices. A submotif of m is then a subgraph of
m. In this article, we only consider the submotifs obtained by suppressing one
vertex in m. That approach gives raise to a partition of the vertices of m into
deletion classes, two vertices r and s of m being in the same deletion class if
and only if they play the same topological role in m. In other words, r and s
are in the same class if, given an ordering mg of m, the ordered motif obtained
by interverting the labels of r and s is isomorphic to my.

If two vertices are in the same deletion class, the submotifs obtained by
deleting r and s are isomorphic. Nevertheless, the opposite may not be true.
Indeed, consider the feed-forward loop motif shown in Table 1. Deleting any
of the three vertices leads to a single edge but all the vertices are in different
deletion classes as they are not topologically equivalent (they have for instance
different outdegrees).

3 The random graph model

Concentration inequalities are powerful tools but mostly apply on functions of
independent random variables. Moreover, they make use of the expectation of
the function of interest. Therefore, we have to consider random graph models
satisfying the following conditions, which will also turn to be sufficient for our
purpose:

(i) All the edges are drawn independently.

(ii) The expectation of any motif count is tractable.

Let us consider the random graph model on n vertices defined by a connec-
tivity matrix C' = (¢i5)1<4,j<n and such that all the edges are sampled indepen-
dently under Bernoulli laws:

Xij = Hi_j)EE_" ~ B(CU)

It is straightforward under that model to derive an expression for the mean
number of occurences of a given ordered motif my of size k.

Indeed, let 1,...,%k be the vertices of my and denote by e, the indicator
function for the edge from vertex r to vertex s in m. Let (i1,...,4;) be any
ordered list of k distinct vertices of G. Then

P(Gl(ir, .- ix)] ~omo) = [ €5 (1—cipa) 7

1<r,s<k

Therefore, by Equation (1), one has
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E(N(m)) = L S I r—cia)ter,

GUt(m) (i1yeenyig) 1<7r,5<k

That model has no practical interest as it has as many parameters as possible
edges but it is a very general framework in which our theory holds. In practice,
we will be able to apply our concentration results on all special cases of that
model, which include the Erdés-Rényi model [9] and the Expected Degree Model
of Matias et al. [15]. The general model introduced by Bollobas et al. [5] can
also be used when restricted to the case of a fixed sequence of vertices. The
last interesting family of models which fits in that frame is the one of Mixture
Models [1,7,10] where the classes of the vertices are fixed.

4 Concentration of Network Motifs

Let m be an ordered motif on k vertices and m’ the sub-motif of m on k£ — 1
vertices obtained by deleting a vertex s from a given deletion class of m. Let
my, be an ordering of m’ and denote by (rq,...,ry_1) the ordered vertices of
my. mg then denotes the ordering (r1,...,7r,x—1,s) of m.

Consider any ordered set U = (uq,...,ur—1) of k — 1 vertices in V(G) and
define the random variable Ny (m) as the number of copies of m in G whose
restriction on U is isomorphic to mj, as an ordered motif (see Figure 2 for an
example). Our aim is to bound the tail of the distribution of Ny (m).

Let us denote by Yy (my) the indicator of an occurence of mj, on U as an
ordered motif, that is

Yo (mg) = Igm)~ym; -
For each vertex v ¢ U, let ext},(my, mg) be the indicator of the fact that the
extension from G[U] to G[U U {v}] is isomorphic to the extension of m{, to mg

with respect to the order of the vertices. Denoting by e the indicator function
for the edge from vertex a to vertex b in my,

!/ .
exti;(mg, mg) = 1 < X, = e and Vi, Xy, = €,,5 and X, = €5y,

Note that ext};(mg, mg) only depends on the edges between v and U and
is therefore independant of Yy (my{). Moreover, if G[U] corresponds to an oc-
curence of my{, and that ext};(mj, my) = 1, G[U U {v}] corresponds to an oc-
currence of mg. In that case we say that the occurence of mg on U U {v} is a
valid extension of the occurence of mg on U.

Moreover, as Ny (m) is null when there is no occurence of m{ on U and as,
if m{, occurs on U, Ny (m) counts the number of its valid extensions, we have

Ny (m) = Yy (my) Y extf; (mf, mp) (2)
vgU
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Figure 2: For U = (b,¢,d), Yy(mj) = 1 and Ny(m) = 3. Indeed, one obtains
valid extensions of m{, to mg by adding to U the vertices g, h or i. Adding the
vertex f does not give rise to a valid extension because of the presence of an
edge from c to f.

Bounding the tail of the distribution of Ny(m) can be done by using the
fact that either Yy(m{) = 0 and Ny(m) is null or Yyy(m{) = 1 and Ny (m)
is a sum on independant Bernouilli trials. In the latter case, changing one of
the Bernoulli trials affects Nyy(m) by at most 1. Numerous results show that
random variables showing such characteristics are highly concentrated around
their mean value. One of them is the following theorem [16]:

Theorem 1. Let the random variables X1, ..., X, be independent, with 0 <
X <1 for each k, and let S, =>_ Xy. Then, for every t >0,
S, —ES
P n n 1 < —((14t) In(1+t)—t)ES,,

( ES, > ) e
We will use this theorem to bound the p-value of seeing, at any position U,

an occurrence of m{ having a number of valid extensions to mg which is large
with respect to the expected number of valid extensions.

In that purpose, let us denote by Ezty(m{, mg) the mean number of valid
extensions of a putative occurrence of mg on U, that is

Exty(m{, mg) =E Z ext}; (mg, mg)
vgU
For the following, in order to simplify the notations, we will write Fxty
instead of Exty(my, mg) when there is no ambiguity.
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The main result of the paper is now the following theorem, which shows that
the probability of finding a position U such that Ny (m) is much larger than
FExty decreases exponentially:

Theorem 2. Let h be the function defined on [0, 4+00[x]0, +oo] by

(o0 ifX<Y
WX, Y) = { XIn(X)+Y  otherwise

Then, for everyt > 0,

P(mgx(h(NU(m), Exty)) > t) < aut(m')EN (m')e”"

o N
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Figure 3: Curves of the function h for fixed values of Y

Note that for a fixed value of Y, hy : X — h(X,Y) is an increasing function,
growing asymptotically as X In(X ), as illustrated in Figure 3.

Therefore, the inequality of Theorem 2 bounds the probability of seeing any
large Ny(m), as

mgx(h(NU(m),ExtU)) >t < U/ h(Ny(m),Exty) >t
To illustrate this, consider the particular case where the probabilistic event

considered is {3U /Ny (m) > e? Exty + t}, for some positive t. Tt is straightfor-
ward to see that

Ny (m)

Ny(m) > e?Exty +t = In( o ) > 1
= h( ( Eth > NU( )
= h(Ny(m), Exty) > t.
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The following corollary of Theorem 2 follows:

Corollary 1. For every t > 0,

P(3U/Ny(m) > e*Exty +t) < aut(m’)EN (m')e™

Proof of Theorem 2:
Let us first introduce a new function ¢ and a technical result which will be
useful later on:

Lemma 1. Let g be the function defined by
[0,400[ — [0,400]
y — (+y)n(l+y) -y
i) g is increasing
ii) g is one-to-one
iii) For every X >0,Y >0,

g@m(X;Yﬂ»Y:MXY)

Proof: i) and ii) are straightforward. To prove iii), let us consider X > 0
and Y > 0. Suppose that X <Y. Then

X-Y
g(maX(T,O))Y:g(O)Y:():h(X,Y).
On the other hand, if X > Y,
X-Y X-Y
g(max(X L o)y = gy
X-Y X-Y X-Y
= 1 In(1 — Y
= Xh(=)-X+Y
= h(X,Y).

To prove Theorem 2, which is a result giving an exceptionality measure on
the whole graph, we start by showing a local exceptionality result. To do so, we
fix a position U and show the following result;:

Lemma 2. For everyt > 0,

P(h(Ny(m), Exty) > t) < P(Yy(mj) = 1)e~".
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Proof:
Let us first decompose the event of interest by looking for an occurence of
m’ on U:

P(h(Ny(m), Exty) >t) = P(h(Ny(m), Exty) > t|Yy(mf) = 1)P(Yy(mf) = 1)
+P(h(Ny(m), Exty) > t|Yy(mg) = 0)P(Yy (mj) = 0)

If Yy (m{) = 0, then Ny(m) = 0 and thus h(Ny(m), Exty) = 0. Therefore,

P(h(Ny(m), Exty) > t) = P(h(Ny(m), Exty) > t|Yy (mg) = 1)P(Yy (my) :( 1)).
3

Defining y = g_l(ﬁw), we have:

P(h(NU(m>,EZL'tU) > t|YU(m6) = 1)

N — Exat
- P(g(max(W,O))EztU > ¢|Yy(m)) = 1) by Lemma 1 iii)
wty
NU(m) — EmﬁU
= P(g(maX(TtU’O)) > g(y) |Yu(mp) = 1)
N — Exat
= P(max(M,O) >y|Yy(mg) =1) by Lemma 1 i)
E:CtU
NU(m) — El‘tU
= P(Ttlj>y|YU(m6):1) asy >0
£ (m)), mg) — Ext
_ P(ZUQU ex U(;no my) Tty > y Vi (m) = 1) by using (2)
.Z‘tU
> ¢U exty;(mg, mg) — Exty
= P v 4
( o > ) (@)

where the last equation is due to the fact that each ext};(mf, my) is inde-
pendant from Yy (mj).

Theorem 1 can be now applied to the random variables (emt}}(mg, mo))

. . vgU
and therefore implies that

ngU exty;(mg, mg) — Exty > y) < o—9() Eaty

P( <
E:CtU

that is, as g(y)Exty =t,

]P’(h(NU(m), E:CtU) > t|YU(m’O) = 1) < et (5)
Using Inequality (5) in Equation (3) yields Lemma 2.
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To prove the main theorem, one has to note that

{max(h(Ny (m), Eaty) > 1)} = {r(Ny(m), Exty) > t}

Therefore,

P(mgx(h(NU(m),ExtU))>t) < Y P(h(Ny(m), Exty) > t)
U

IN

> P(Yy(my) = 1)e”
U

< aut(m’)EN(m’)e™" by using (1)

5 Application to the gene regulation network of
Yeast

The results of Section 4 allow us to decide if a motif m is considered as being
over-represented in a real graph with respect to at least one of its submotifs. To
do so, we use the following steps:

e Choose a random graph model and estimate its parameters on the real
graph.

e Choose a deletion class in m and consider the obtained submotif m’.

e List all the occurrences of m and thus all the occurences of m’ having at
least one valid extension. Then, for every occurence my in that list, count
the number of its valid extensions Ny(m) and compute the mean value
E(Ny(m)), where U is the vertex set of my.

e Compute the bound of the p-value using Theorem 2. Having listed all
positions U of interest and the associated values of Ny (m) allows the user
to have access to the positions where the local concentration takes place.

The first step needs to be done only once when dealing with a whole list of
motifs whereas the three last ones have to be done for every deletion class of
every motif of interest.

This method is applied to the gene regulation network of Yeast, available
at Uri Alon’s Lab website [11]. That network has 688 vertices and 1078 edges
and a directed edge between genes g1 and go denotes a regulation from gene gy
on the expression of gene go. We don’t take the type of regulation into account
here, that is if it is an activation or an inhibition.

10
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The random graph model we consider is the Mixture Model with fixed
classes. In that model, the n vertices are spread into ) classes.

We consider a matrix IT = (74, )1<4,r<@ Which gives the connection proba-
bilities between classes and for each pair (7, j) of vertices, we define ¢;; = mgr, ¢
and r being the respective classes of ¢ and j. In other words, the connectivity
probability between two vertices only depends on their mutual classes.

To estimate the partition of the graph and the corresponding matrix II, we
use the algorithm developped by Latouche and al. [14], and assign each vertex
to its most probable class.

Table 1 shows the unique motif of size three detected. The column p-value
bound contains the upper bound of the real p-value given by Theorem 2 for ¢ =
maxy (h(Ny(m), Exty)), whereas the Agglomeration coefficient is the maximal
observed value of Ny (m).

That motif, called the feed-forward loop, is known [2] to play a role in
regulation processes by inducing a delay in the regulation of Z by X: X has
first to activate Y and then X and Y together regulate Z. Note that X, Y and
Z are not in the same deletion class, as mentioned in Section 2, and there are
therefore three different submotifs to take into account, even if each of them is
a single edge.

Our analysis finds the feed-forward loop to be over-represented and shows
that there are genes X using the same gene Y to regulate a high number of
genes Z (up to 15). On the contrary, there is no gene X using a high number
of intermediates Y to regulate a given gene Z.

| Motif | Deletion class | p-value bound | Agglomeration |
; X 5.15¢ 3 3
N\, Y 3.33 2
Z 1.12e — 11 15

Table 1: p-values for the three possible sub-motifs of the feed-forward loop

Table 2 shows all the motifs of size four which are found to be over-represented
with respect to at least one of their submotifs.

The motif of size four with the lowest p-value is the bi-fan, that is the first
motif shown in table 2. That motif consists in two regulators having an impact
on two common genes. It was first shown to be over-represented in that network
by Milo and al [17] and appears first in all motif detection algorithms.

Nevertheless, our approach gives a supplementary information, that is that it
is highly over-represented with respect to the sub-motif obtained by suppressing
one of the regulated genes. In other words, there exist in Yeast co-regulators
which co-regulate a high number of genes simultaneously. The agglomeration
coefficient shows that they may act on up to 37 common genes. On the other
hand, the bi-fan is not over-represented with respect to the sub-motif obtained
by suppressing one of the regulators, that is there exist no couple of genes that
are influenced by a high number of common regulators. In fact, running the

11
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algorithm in that case leads to a p-value of .18 and an agglomeration coefficient
of 4. That assymetry between couples of regulators and couples of regulated
genes is well known by biologists but is found again here only by statistical
means.

Note also that among the six detected motifs, the third and the two last
ones are in fact by-products of the over-representation of the feed-forward loop:
they are not overrepresented with respect to their feed-forward loop submotif,
that is the one obtained by deleting 7.

From a computational point of view, we obtain a significative improvement
in terms of running time. Indeed, available methods are of two kinds: either
they use a reasonable number of simulations and use a Z-score and are quite
rapid but may lead to false positives, or they make use of a huge number of sim-
ulated graphs to obtain an empirical p-value but are very time-consuming. The
part of our method which takes the most time is in fact the preprocessing by
the algorithm of Latouche et al. [14] to estimate the parameters of the mixture
model. The concentration part is very rapid as it only needs to compute expec-
tations, which are easy to calculate in mixture models. Running our algorithm
and the empirical p-value option of the MFinder tool [17] for the graphs of size
four in the Yeast network divides the running time by a factor 100 (less than
10 minutes compared to more than 15 hours on a dual core).

6 Conclusion

We develop a new method to detect network motifs by looking for local over-
representations. To do so, we show that, given an occurence of a submotif, the
number of motifs extending it is highly concentrated around its mean value.
That approach allows to consider the over-representation with respect to a sub-
motif and to avoid time-consuming simulations.
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| Motif | Deletion class | p-value bound | Agglomeration |
X1 Xs
{Yl, YQ} 1.60e — 25 37
i Y
X Y
S Z > Z 3.33¢ — 16 15
Z T
T Y
Z 2.22e — 13 15
X Z
X Y
;Z (71, 25} 4.77e — 12 14
.Zl .ZQ
T Y
E A 8.35e — 12 15
X Z
T Y
i Z 2.12e — 10 15
X Z

Table 2: Over-represented motifs of size four
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